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Abstract—The asymptotic behaviour of laminar forced convection in a circular tube, for a Newtonian fluid
at constant properties, is analysed by taking into account the viscous dissipation effects. The axial heat
conduction in the fluid is neglected. A sufficient condition for the existence of a fully developed region is
determined. This condition includes, for instance, any asymptotically vanishing axial distribution of the
wall heat flux, uniform wall temperature, convection with an external fluid. The asymptotic temperature
field and the asymptotic value of the Nusselt number are determined analytically, for every boundary
condition which allows a fully developed region. In particular, it is proved that, whenever the wall heat
flux tends to zero, the asymptotic Nusselt number is zero. Copyright © 1996 Elsevier Science Ltd.

INTRODUCTION

In a recent paper [1], the asymptotic behaviour of
laminar forced convection in circular ducts has been
analysed under the assumptions that both the viscous
dissipation and the axial conduction in the fluid can
be neglected. In particular, a sufficient condition much
broader than those previously found in the literature
has been determined for the existence of a fully
developed region. In this paper, the asymptotic behav-
iour of laminar forced convection in circular tubes is
analysed by taking into account the effects of viscous
dissipation. A very broad sufficient condition for the
existence of an asymptotic thermally developed region
is determined. The asymptotic temperature field and
the asymptotic value of the Nusselt number are evalu-
ated analytically for every boundary condition which
yields a fully developed region. The results show that
in many cases, such as whenever the wall heat flux
tends to zero, the effect of viscous dissipation on the
fully developed laminar forced convection is very
important.

In the literature on laminar forced convection in
circular tubes, the effect of viscous dissipation is
almost always neglected. Indeed, this effect is usually
considered as relevant, in convection heat transfer,
only in two cases : flow in capillary tubes ; flow of very
viscous fluids. One of the earliest papers in which the
effect of viscous dissipation is studied concerns the
forced convection in capillary tubes employed for
measurements of viscosity [2]. In this reference, two
boundary conditions are considered: zero wall heat
flux and uniform wall temperature. For these bound-
ary conditions, the temperature distribution in the
thermal entrance region is determined. More recently,
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the viscous dissipation effect has been analysed under
the boundary conditions of uniform wall temperature
[3] and of uniform wall heat flux [3, 4]. A wide study
on the effect of viscous dissipation on the fully
developed laminar forced convection in cylindrical
tubes with arbitrary cross-section and uniform wall
temperature has been performed in [5]. A very inter-
esting result obtained in the literature, on the laminar
forced convection with viscous dissipation in circular
tubes, is as follows. If the boundary condition is either
uniform wall temperature or convection, with a uni-
form convection coefficient, to an external fluid having
a uniform temperature outside its boundary layer,
then the value of the fully developed Nusselt number
is 48/5 = 9.6, independently of the thermophysical
properties or the mean velocity of the fluid and of the
tube radius [3, 5, 6, 7]. This result points out that the
effects of viscous dissipation on the fully developed
laminar forced convection in circular tubes may be
important for every value of the fluid viscosity. In
particular, for the boundary conditions of uniform
wall temperature and of convection to an isothermal
external fluid, the hypothesis of negligible viscous dis-
sipation effects leads to completely misleading results.
For instance, in the case of uniform wall temperature,
if viscous dissipation effects are neglected the well
known value of the asymptotic Nusselt number 3.6568
is obtained, which is very far from the correct value
9.6. The aim of the present paper is to study the
asymptotic behaviour, i.e. far from the inlet section,
of the temperature field in a fluid with constant
density, in a steady and laminar motion in a circular
tube, by taking into account viscous dissipation
effects. Any axial distribution of the wall heat flux is
considered. In particular, the analysis points out in
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A constant [K]

ay dimensionless constant defined by
equation (48)

Bi Biot number, A.ry/k

Br Brinkman number, uiz?/(2roq.,,)

C constant [K]

¢y dimensionless coefficient defined by
equation (47)

7 function defined by equation (9)
[m?s~' K7

F dimensionless function employed in
equation (23)

i limit of F for x - +

h, external convection coefficient
Wm—2K™
thermal conductivity [W m™' K =]

n natural number

Nu  Nusselt number, 2ryq,/[k(T,, — T,)]

NOMENCLATURE

T, T,, T temperature fields [K]

T, T, TS inlet temperature profiles [K]

T, temperature of the external fluid [K]

u velocity component in the axial
direction [m s~

i mean value of u [m s™']
X axial coordinate [m]

x’ integration variable [m]
X any function of r and x.

Greek symbols

o« thermal diffusivity [m?s~']

B constant defined by equation (39)
[m~]

B dimensionless constant, Per,

3 dimensionless temperature,

(Tw_ T)//(Tw_ Tb)

Pe Peclet number, 24r,/a g d.ynamlii.Vlslc (?s1.ty [};a sl . _2

" wall heat flux [W m~?] viscous dissipation function [s™~].

F radial coordinate [m]

Fo tube radius [m] Subscripts

R set of the real numbers b bulk quantity

S dimensionless radial coordinate, r/r, w quantity evaluated at the wall

T temperature [K] o limit of a quantity for x - +oc.
which cases the effect of viscous dissipation on the 0f 0 ru(r) 6T

ic dimensi e )= =) )

asymptotic dimensionless temperature field cannot be 8r( af) o Ox k

neglected.

ANALYSIS OF THE BOUNDARY VALUE
PROBLEM

In this section, the boundary value problem which
describes the laminar and forced convection in a cir-
cular tube, with a prescribed axial distribution of wall
heat flux, is analysed under the assumption that the
axial heat conduction in the fluid is negligible. In par-
ticular, the uniqueness of the solution of the boundary
value problem is proved, and the dependence of the
asymptotic temperature field on the inlet temperature
distribution is studied.

Reference will be made to the laminar and forced
convection in a circular duct with radius r, for a new-
tonian fluid with a constant thermal diffusivity o, a
constant thermal conductivity X and a constant
dynamic viscosity p. The velocity field in the fluid will
be supposed completely developed and the axial heat
conduction in the fluid will be considered as negligible.
If the axial distribution of the wall heat flux ¢,(x) and
the temperature distribution in the inlet section T,(r)
are prescribed, the temperature field 7(r, x) is deter-
mined by the energy equation [8]

and by the boundary conditions

oT
K e @
T(,0) = To(r) 3)

where 0 <r<r, and x > 0. The function u(r) is
Hagen—Poiseuille’s velocity distribution

I

u(r) = 2a<1 - :> )

i
while ®(r) is the viscous dissipation function [8]
which, by employing equation (4), can be expressed
in the form

o) -[2 [ - 0

ro
In addition to the boundary conditions (2) and (3),
one has ¢T/or/,_, = 0 for every x > 0, on account of
cylindrical symmetry and of the regularity of T(r, x).
In the following, the uniqueness of the solution of
the energy equation (1), under the boundary con-
ditions (2) and (3), will be proved. Namely, it will be
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proved that if T,(r, x) and T,(r, x) are two temperature
fields which obey equations (1)-(3), then T,(r,Xx)
= Ty(r,x) for every r and for every x. Indeed, on
account of equations (1)-(3), the function T(r,x)
= T(r, x) — T(r, x) obeys the equation

éf éT _ru(r) éT
5<’5>— ©

x 0x

with the boundary conditions:

aT
ol =90 0]
T(r,0) = 0. 8)

It has been already proved by Barletta and Zanchini
[1] that the boundary value problem expressed by
equations (6)—(8) has the unique solution T(r, x) = 0
for every r and for every x. Therefore, the solution of
the boundary value problem given by equations (1)—
(3) is unique. Along the same lines, it can be easily
proved that the solution of equation (1) is unique
even if the boundary condition (2) is replaced by a
boundary condition of the first kind, i.e. if the tem-
perature distribution at the wall is prescribed.

Let us now determine how the asymptotic behav-
iour of the temperature field which obeys conditions
(1)~(3) depends on the boundary condition (3), i.e.
on the temperature distribution in the inlet section.
Let Ti{r, x) be a temperature field which obeys equa-
tions (1) and (2) and the boundary condition in x = 0

T(r.0) = T"(r) ©

and let 7,(r, x) be a temperature field which obeys
equations (1) and (2) and the boundary condition in
x=10

T(r,0) = TE(r). (10)

Then, the following conditions hold, for every r:

.0
,rI:I-P:}o a[T‘ (V, ’C) - T2 (l’, X)] =0

(1D

Lim [T, (r,x) = T (r, x)] = A (12)
where A is a constant.

In fact, the function T(r,x) = T,(r,x)— Ts(r,x)
obeys equations (6) and (7) and, as a consequence of
equations (9) and (10), fulfils the boundary condition
inx=0

T(r,0) = T (N~ TH (). (13)

Equations (6), (7) and (13) show that 7{r, x) can be
interpreted as the temperature field of a fluid without
viscous dissipation and axial thermal heat conduction,
which flows in a circular duct with adiabatic walls and
has a non-uniform temperature profile in the inlet
section, TG (r)— T (r). Obviously, for every tem-
perature distribution in the inlet section, if the wall is
adiabatic and no viscous heat generation is present,

the temperature field in the fluid tends to become
uniform in the sections of the duct sufficiently far from
x = 0. In other words, T(r, x) tends to become axially
invariant and its limit for x > + o0 is a constant, in
agreement with equations (11) and (12).

ASYMPTOTIC TEMPERATURE FIELD

In this section, the asymptotic behaviour of the
temperature field is analysed. In particular, a sufficient
condition for the existence of an asymptotic thermally
developed region is determined.

Let us denote by T, and T\, respectively the wall
temperature and the bulk temperature. Then, the for-
ced convection problem described in the preceding
section will be said to aliow a thermally developed
asymptotic region if the dimensionless temperature
$=(T,—T)(T,—T,) becomes asymptotically
invariant, i.e. if there exists a continuous and bounded
function 9,(r) with a continnous and bounded first
derivative such that, for every r,

To(x)—T(r, x)

Lm ————r "=

M T Hilrgc 9(r, x) = 3, ().

(14)

This definition is in agreement with the usual defi-
nition of thermally developed region stated, for
instance, by Shah and London [9]. In fact, it is easily
proved that if 3(r, x) is asymptotically invariant, then
also the Nusselt number

2r4q.(x)

Nu() = T o — 1ol

(15)
is asymptotically invariant.

The bulk value of any function X(r, x) is defined by
the relation

Xp(x) = (16)

0

27 r X(r, x)u(ryrdr.

Let us consider separately the cases of asymp-
totically vanishing and of asymptotically non-van-
ishing wall heat flux.

First case . asymptotically vanishing wall heat flux
Let us first assume that

Lim g,(x) = 0. 7
We will prove that, if equation (17) holds, then the
problem allows a completely developed asymptotic
region in which the Nusselt number is zero. Let us
consider a solution of equations (1) and (2), with the
form

2 (¥ Sougaii[
T(r,x) = E;"—J gulx) dx’+ —“’ﬂ[; FF(r, x):l.
(]

0 Jo krg

(18)
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By substituting equation (18) in equation (1), one
obtains

2( OF\_urn[OF )], w0 ny
6r<r 61:)_ o [Bx+ 4pir* + or, ~8wir®(r)

(19)

or, by means of equations (4) and (5),

5( ﬁF) 2u{ (l )l:@ﬁ q“(x)} ) 3}
or o re/|0x  4ua? ¥o 3
(20)

The substitution of equation (18) in equation (2)
yields

6_17
or|,_,

9w (). €2y

Sauu
The right-hand side of equation (21) is related to the
local Brinkman number, defined as [10]

=2

uit

Br(x) = m .

(22)

In fact, equation (21) can be rewritten in terms of the

Brinkman number and of the Peclet number
Pe = 2aryfu:

oF Pe

o T 32rBr(x)’ 23)

r=ry

Let us point out that, as a consequence of equation
(22), equation (17) is equivalent to the condition that
Br(x) - + oo when x » +co.

Let us assume that there exists a solution of equa-
tions (20) and (23) such that, for every r,

OF(r, x)

im
x>+ Ox

=0 (24)

Lim F(r.x) = /() (25)
where f{r) is an analytic function of r. This assumption
is legitimate. In fact, on account of equations (17),
(24) and (25), in the limit x — + oc equations (20)
and (21) take the form

df\_2afr r7

e et e BT
arl

EHO-O' 27

Equations (26) and (27) have infinite solutions, but
the difference between any pair of solutions is a
constant. A solution of equations (26) and (27) is

given by
P 4 2
i = —-¢ z’ —4= 1), (28)
16 7
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In this solution, the additive constant has been chosen
so that the bulk value of f{r) is zero. By employing
equations (18), (25) and (28), one can thus conclude
that the asymptotic expression of the temperature field
has the form

T(r,x) = Y

Boui Pe r
—— 29
e [ro 16(2 4= +1>J (29)
where A4 is a constant determined by the boundary
condition at x = 0. Since the bulk value of f{r) is zero,

from equations (28) and (29) one can easily deduce
that the bulk temperature is given by

2 X
A+ o [ )0

X 8 7
X J go(¥) dy + 25 (30)
krg

kary ], 2

To(x) = A+

Equation (30) shows that 4 = 7,(0), i.e. that the addi-
tive constant 4 represents the bulk value of the tem-
perature profile prescribed in x = 0. By employing
equation (29), it is easily verified that condition (14)
is fulfilled and that the function 9,(r) is given by

r4 rl
8,(r) =25 —4= +2. 31)
ro

ro
This dimensionless temperature profile is represented
in Fig. 1.

From equation (31) and from the well known
relation between Nu and 9(r) reported, for instance,
by Bejan [11], one can obtain that the asymptotic
value of the Nusselt number is zero, i.e.

d9d..
Lim Nu= —2ry,—— 4

X— +

= 0.

Yo

(32)

The asymptotic distribution of dimensionless tem-
perature given by equation (31) and the asymptotic
value of Nu given by equation (32) hold for all the
cases in which the wall heat flux tends to zero when
X — + 0.

Second case: asymptotically non-vanishing wall heat

fux

Let us now assume that

Lim g, (x) #0 (33)

and that there exists a constant f such that ¢,,(x) obeys
the condition

U dgu(®)
=g () dx

=B (34)

As a consequence of equation (33), there exists a real
number Br., such that

=2

ni
L1m Br(x) = Lim

——— = Br_.
Y"J”‘Oz”o‘] ,(x) =

(33)
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Fig. 1. Function &, vs r/r,, for asymptotically vanishing wall heat flux.

It is important to note that the parameters f# and Br.,
are not mutually independent. Indeed, in Appendix it
is proved that if Br,. # 0 and if equation (34) holds,
then f = 0. Therefore, if equation (34) holds with
B # 0, then Br,, =0 (i.e. the limit of ¢,(x) for x >
+ o0 must be +00). In Appendix it is also proved
that if equations (33) and (34) hold, then 8 > 0. Let
us consider a solution of equations (1) and (2) with
the form

P 4
T(r,x) = #61( (1~ L) k2_°‘ J g (x") dx’
Bowa| x  F(r,x)

o [;;-+ ——44——} (36)

Br(x) |
By substituting equation (36) in equation (1) and by
employing equations (4) and (5), one obtains

CRE

1 dqw(x)F L+Br(x):|. 37

q.(x) dx 87, Yo

The substitution of equation (36) in equation (2)
yields

oF Pe
P . = %[1 + 8Br(x)].

’

(38)

Let us assume that there exists a solution F(r, x) of
equations (37) and (38) which fulfils conditions (24)
and (25) for every r, and such that f{r) is an analytic
function of r. This assumption is legitimate. In fact,
on account of equations (24), (25), (34) and (35), the
limit for x —» + oc of equations (37) and (38) is given
by

df r 1+8Br,
o) rli Rl ] @

df
dr

Pe

=3 0[1-}~819r°0]

(40)

r=ry

Let us first consider the case § > 0. It has been already
pointed out that, in this case, Br,, = 0. Moreover, in
ref. [1] it is proved that the general solution of equa-
tion (39), with Br,, = 0, which obeys the symmetry
condition df/dr|,_, = 0 can be expressed by means of
the power series

1

e r 2n
fr) = ag n;ﬂ%(;;) - m.

The coefficients ¢, which appear in equation (41) are
defined by the recursion formula

(41)

n=2 (42)

where B = Perof. By integrating both sides of equa-
tion (39) with respect to 7 in the interval [0, r;] and by
employing equation (40) and the symmetry condition
df/dr|,_o = 0, it is easily proved that for Br., = 0 one
obtains f, = 0. In ref. [1], it is proved that the power
series which appears at the right-hand side of equation
(41) has an infinite radius of convergence. The con-
stant g, is determined by the boundary condition (40)
and can be expressed as

Pef & -
a, =6Z(n;l ncn> .

On the other hand, it is easily proved that, if § =0,
equations (39) and (40) have infinite solutions which

“43)
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fulfil the symmetry condition df/dr|,_, =0 and are
such that the difference between any pair of solutions
is a constant. Let us choose the solution

Pe oot 7
which has a vanishing bulk value.

By employing equations (25) and (36), it is possible
to conclude that the asymptotic expression of the tem-
perature field has the form

IR
T(r,x) =A+ ok (1 _6r8>+ kar, L g.(x)dx

aua| x  f(r)

kry [ro + Br(x)J @5

where f(r) is given by equation (41) for f >0, or
by equation (44) for f =0, while 4 is a constant
determined by the boundary condition in x = 0.

Since the bulk value of f{r) is zero, from equation
(45) it is easily proved that the bulk temperature is
given by

200 ¥ 8o
To(x) = A+ — W) dx + 46
L) kqu( v (46)

On account of equation (46), also in this case
A = T,(0). By employing equations (41), (43) and
(45) it is easily verified that, if § > 0, condition (14) is
fulfilled and the function 8,,(r) can be expressed as

fr)—f)
80 ="

[£el5) S

Representation of 3,.(r) vs r/r, for B =10, B = 100
and f§ = 1000 are reported in Fig. 2.

On the other hand, if § = 0, from equation (44) one
obtains the following expression of 3., (7} :

4

8,(r) = 1+ 16Brw):7
0

6
11+48Br.,

2

—4(1+8Br,) +3+ ]6Broo:|. (48)
L

Representations of 9,,(r) vs r/r, for f = 0 and for
some values of Br,, are reported in Fig. 3. As it can
be proved by means of equation (48), the curves
reported in Fig. 3 cross each other at r/r, = 1/2.

Equation (47) defines a continuous and bounded
function of r with a continuous and bounded first
derivative, in the interval 0 < r < r, for every positive
value of B such that f{r,) # 0. The same regularity
holds for the function of r defined by equation (48),
if Br,, # —11/48. Therefore, equation (14) is fulfilled
for f =0 and Br, # —11/48, as well as for every
positive value of B such that f{(r,) # 0. It is possible to
check numerically that f{r,) # 0 for every value of B
in the interval 0 < § < 10°. On account of equations
(47) and (48), two forced convection problems with
different distributions of the wall heat flux which fulfil
equations (33) and (34) yield the same asymptotic
profile of dimensionless temperature 3. (r) if they have
the same values of § = Peryf and of Br,,. As a conse-
quence, they yield also the same asymptotic value of
the Nusselt number, which can be evaluated through
the expression [11]

) da..
X]_.;llrolo Nu = -—-2)‘0 ? - (49)
Equations (47) and (49) yield
) e 8n\ 1! &
Lim Nu=4|Y ¢, 1—7; Y ne,  (50)
X—= + 0 n=0 n=1

14} )
a
12f ®
©)
1 L
"900
08¢
061 @ A=10, Nu,=5.10667
041 ® B =100, Nu,=-848767
02 © B=1000, Nu,=17.7495
0 0.2 0 0.6 0.8 1

Fig. 2. Function &, vs r/ry, for § > 0.
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2F ]
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@ Br,=-1/8
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Fig. 3. Function 9, vs r/r,, for B=o.

when f# > 0. On the other hand, when = 0 equations
(48) and (49) yield

48

Lim Nu=m’§.

X=r+ 20

(51

Values of the asymptotic Nusselt number, Nu,, in
correspondence of B = 10, B = 100 and f = 1000 are
reported in Fig. 2.

Obviously, equation (50) refers to a case, Br,. =0,
in which viscous dissipation does not influence the
asymptotic behaviour of the dimensionless tem-
perature field. Indeed, the expression of the asymp-
totic value of Nu which appears in equation (50)
coincides with that obtained by Barletta and Zanchini
[1] in the absence of viscous dissipation, and is equi-
valent to that employed by Roetzel [12] in the analysis
of laminar forced convection with an exponentially
varying wall heat flux. Moreover, it has been proved
in the literature [3, 4, 10] that 48/(11+48Br..) rep-
resents the value of Nu,, in the case of uniform wall
heat flux. In this paper, equations (50) and (51)
assume a broader meaning. In fact, equations (33)
and (34) are fulfilled with § = 0 not only when the
wall heat flux is uniform, but also when ¢, (x) is given
by : polynomial functions, rational functions in which
the degree of the numerator is greater than or equal to
the degree of the denominator, logarithmic functions,
etc. Therefore, these distributions of the wall heat flux
yield the existence of a completely developed asymp-
totic region in which the dimensionless temperature
profile is given by equation (48) and the Nusselt num-
ber has the value 48/(11+48Br_). In a similar way,
equations (33) and (34) are fulfilled for § > 0 not only
when the wall heat flux increases exponentially along
the duct, but also when ¢,,(x) is given by : the product
of an exponential function and a polynomial function,
the product of an exponential function and a rational

function in which the degree of the numerator is
greater than or equal to the degree of the denominator,
etc. Therefore, for each of these distributions of wall
heat flux there exists a fully developed asymptotic
region in which the dimensionless temperature profile
is given by equation (47) and the Nusselt number can
be evaluated through equation (50), independently of
the value of the fluid viscosity.

THE BOUNDARY CONDITIONS OF UNIFORM
WALL TEMPERATURE AND OF CONVECTION
WITH AN EXTERNAL FLUID

In this section, it is shown that the method
developed in this paper allows a simple deduction of
the results already available in the literature for the
asymptotic value of the Nusselt number in the fol-
lowing boundary conditions:

(a) uniform wall temperature and

(b) external convection with a fluid having a uni-
form temperature, T., outside the boundary layer and
a uniform convection coefficient 4..

Therefore, this section provides a validation of the
method proposed in this paper.

In order to determine the asymptotic behaviour of
the temperature field and of the Nusselt number in
the boundary condition (a), one can first evaluate the
asymptotic behaviour of the wall heat flux. Thus, the
problem is reduced to one of the cases studied in
the preceding section. The method employed here is
similar to that employed by Sparrow and Patankar in
the absence of viscous dissipation [13].

By integrating both sides of equation (1) with
respect to r in the interval [0,r,), one obtains the
energy balance
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d7,(x) 2« . Boua
dx  kar, () + kri

(52)

Since T, = constant, equations (15) and (52) yield

d aNu 8o
—(Ty—Ty) = ——5(T,—T,)— . (53
ae (T T = = (=TS ()

In the fully developed asymptotic region, Nu = Nu,,
is invariant along x, so that equation (53) can be easily
integrated and yields

T,—To(x) = C ihbes S’
w—Ty(x) =Cexp| — —5x|—
° P ur kNu,,

where C is an integration constant. By substituting
equation (54) in equation (15) one has

kNu,, N, \ A
gulx) = ”"Cexp(—i»‘f‘x)*ﬂ. (55)
2r, are ro

Fo

It is easily verified that ¢,(x) given by equation (55)
fulfils conditions (33) and (34) with § = 0. Moreover,
equations (35) and (55) yield Br,, = —1/8. Therefore,
the asymptotic distribution of dimensionless tem-
perature and the asymptotic value of Nu are given by
equations (48) and (51) with Br, = —1/8, i.e.

6 r
-9.,:(7) = -5‘ (1 - E) (56)
4
Lim Nu = ?8 =9.6. (57)

Equation (57) agrees with the value of the asymp-
totic Nusselt number obtained by Basu and Roy [3].
A representation of &..(r) in the case under exam can
be found in Fig. 3, in correspondence of Br,, = —1/8.
By employing equations (54), (56) and (57), one
obtains easily

) Sui’
Lim 7,(x) = T, + ——
Lim Th(x) = T+~ (58)
) /UJ: rA
Lim T(r,x) = Tu+ =~ 1~ ) (59)

For the boundary condition (b), the wall heat flux
can be expressed through the Biot number,
Bi = h.ry/k, as follows :

kBi
Q) =~ (T.=T,). (60)

As a consequence of equations (15) and (60), ¢,(x)
can also be expressed as

kBiNu

ro(2Bi+ Nu) (T=To).

gu(X) = (61)

By substituting equation (61) in equation (52), one
obtains

2uBiNu
ar2(2Bi+ Nu)

Sy

-
krg

(62)

i(Tc—Tb) = (T.—T)

dx

In the asymptotic thermally developed region,
Nu = Nu,, is invariant along x, so that equation (62)
can be easily integrated and yields

20BiNu,, )

T.—Ty(x) = Cexp| —————2——x
o) p( ar2(2Bi+ Nu,)

4pa* (2Bi+ Nu,,)

kBiNu., (63)

where C is an integration constant. By substituting
equation (63) in equation (61) one has

. kBiNu,, 20.BiNu.,
() =————Cexp| —————x
q ro@Bi+Nuy) P\ w2 (2Bit Nu)
4 2
_ﬂﬂ, (64)
Fo

It is easily proved that g.(x) given by equation (64)
fulfils conditions (33) and (34) with § = 0. Moreover,
by employing equations (35) and (64) one obtains
Br, = —1/8. Therefore, equations (56) and (57) still
hold, independently of the value of Bi, in agreement
with the results obtained by Lin ez al. [7]. As a conse-
quence of equations (56), (57), (60) and (61), one
obtains

Lim T,(x) = T+ ‘Z‘Z; (65)

Lim Ty(x) = T+ <—2— + g;.)“%z (66)

L 9T(r.x)=Tc+ ‘Zﬁ: + %i(l - g) (67
CONCLUSIONS

The effect of viscous dissipation on the asymptotic
behaviour of laminar forced convection in circular
tubes has been analysed, under the assumption that
the axial conduction in the fluid can be neglected.
The results, schematically reported in Table 1, can be
summarized as follows. A fully developed asymptotic
region exists if, for x - + oo, one of the following
conditions holds: (a) the wall heat flux ¢, (x) tends to
zero, i.e. the local Brinkman number Br(x) tends to
infinity ; (b) the wall heat flux does not tend to zero,
and the quantity (1/¢,.)(dg./dx) tends to a finite limit
B. If condition (a) is fulfilled, then the asymptotic
value of the Nusselt number is zero. If condition (b)
is fulfilled, then § > 0 and the following results are
possible : if § > 0, Br(x) tends to zero and the asymp-
totic value of the Nusselt number is not influenced by
viscous dissipation effects; if § =0 the asymptotic
value of the Nusselt number depends on the asymp-
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Table 1. Asymptotic values of the Nusselt number and asymptotic dimensionless temperature profiles, for different boundary

conditions
Boundary condition Br,, B Nu,, 3o
r4 r.’.
T 00 — 0 2 e 4— 42
7o ro
x S r 2a
g £o[-() )
n=1 n=
Prescribed wall heat flux 0 >0 ! o

Any real value 0

Uniform wall temperature —-1/8 0

External convection ~1/8 0

£e(-5) 2<(-%)

_L 6 P
11-+48Br,, m[(l + 1631@)3

—4(1+8Br,.) +3+16Brm:|
¥o

4
48/5 §(1 . %)
s\
6 r
48/5 =l 1——

totic value Br,, of the Brinkman number. In particu-
lar, the boundary conditions of uniform wall tem-
perature and of heat transfer by convection to an
external fluid fulfil condition (b) with 8 =0 and
Br,, = —1/8, and yield the same asymptotic value of
the Nusselt number, namely Nu,, = 48/S. Obviously,
in these boundary conditions, as well as if condition
(a) is fulfilled, it is completely wrong to neglect the
effect of viscous dissipation on the asymptotic behav-
iour of the forced convection problem. For each case
in which an asymptotic fully developed region exists,
the analytic expression of the asymptotic temperature
profile is reported in Table 1.
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APPENDIX

Let us first prove that, if there exist two real constants,
4., # 0 and B, such that

Lim gu(0) = g (A

and

1 dgu(x)
SR dx

g (A2)

then 8 =0.
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On account of equation (A1), equation (A2) can be rewrit-
ten as

Lim dgu(x) _

T Bg., = acR.

(A3)

Let us consider the sequence x, = n, which is such that

Lim x, = +c0. (A4)
As a consequence of equation (Al),
JLim g.(x,) = g... (A3)

On account of the theorem of the mean [14], Vn3c, € [n,n+1]
such that

%(C ) — qw(xn+l)_qw(xn)
dx Xui1 —Xn

= QulXn 1) — gulx,). (A6)

Equations (AS5) and (A6) yield

d
Lim 2 (¢,) = 0.

ae+x dx

(A7)

Since the limit of dg,(x)/dx exists, on account of equation
(A3), equation (A7) proves the thesis.

Let us now prove that, if equation (A2) holds with f < 0
and if there exists the limit for x - + o of g,(x), then

iniP}o Gu(x) =0. (A8)
If the limit for x —» + oc of g,,(x) exists, there are four possi-
bilities: the limit is a non-vanishing constant, the limit is
+ o0, the limit is — oc, the limit is zero. The first possibility
can be excluded, because we have proved above that, in this
case, § = 0. The second possibility can be excluded because,
for sufficiently high values of x, g,(x) would be positive
and increasing. This circumstance is in contrast with the
hypothesis that the limit which appears in equation (A2) is
negative. The third possibility can be excluded by a similar
argument. In fact, for sufficiently high values of x, one would
have ¢,(x) negative and decreasing, in contrast with the
hypothesis that the limit which appears in equations (A2) is
negative. Therefore, the fourth possibility holds.



